
--. NASAXR R-154 

0 
0 
a- 
m 
W 

NATIONAL AERONAUTICS AND 
SPACE ADMINISTRATION 

TECHNICAL REPORT 
R-154 

RADIANT HEAT TRANSFER TO ABSORBING GASES 
ENCLOSED BETWEEN PARALLEL FLAT PLATES 

WITH FLOW AND CONDUCTION 

By THOMAS H. EINSTEIN 

1963 

~ - -  ~. ~ 

For sale by the Superintendent of Documents, U.S. Government Printing OfBce, Wadrington D.C., 20402-Price35eents 



TECH LIBRARY KAFB. NM 

TECHNICAL REPORT R-154 

RADIANT HEAT TRANSFER TO ABSORBING GASES 
ENCLOSED BETWEEN PARALLEL FLAT PLATES 

WITH FLOW AND 

ByTHOMAS H. 

CONDUCTION 

EINSTEIN 

Lewis Research Center 
Cleveland, Ohio 

I 





CONTENTS 
Page 

1 

1 

2 
3 
3 
4 
5 
6 
7 
7 
9 

11 

12 

14 
15 
18 

20 

21 

23 



TECHNICAL REPORT R-154 

RADIANT HEAT TRANSFER TO ABSORBING GASES ENCLOSED BETWEEN 
PARALLEL FLAT PLATES WITH FLOW AND CONDUCTION 

By THOMAS H. EINSTEIN 

SUMMARY 

An analysis i s  presented f o r  obtaining two- 
dimensional temperature projiles and heat transfer 
in a radiation-absorbing gray gas of uniform 
absorptivity under the combined in$uence of thermal 
radiation, conduction, and gas $ow. The gas i s  
enclosed in a channel of injinite width and jinite 
length formed by two semi-in$nite parallelsat plates. 
These plates are black emitting surfaces, and the 
ends of the channel are formed by porous black 
surfaces through which the gas can$ow into or out 
of the channel. These porous black end surfaces 
are used to simulate the radiation environment 
external to the channel. 

First, results are obtained f o r  heat transfer be- 
tween the plates in the absence of both conduction 
and $ow. These results are found to be in good 
agreement with those obtained f o r  the same conditions 
by previous workers. Results are then presented 

f o r  heat transfer between the plates f o r  the case of a 
radiating and conducting, but stagnant, gas separat- 
ing the plates. The ejects of the interactions 
between radiation and conduction are discussed. 
I t  was found that the heat transfer f o r  combined 
radiation and conduction in an absorbing gas i s  
slightly greater than the s u m  f o r  each process taken 
separately. 

Finally, results are given f o r  heat transfer f r o m  
the plates to a$owing, radiating gas in the absence 
of conduction. The two plates are at the same 
temperature, and the gas enters the channel with 
unijorm velocity and temperature. The results 
obtained f o r  this case indicate that the heat trans- 
ferred to the $owing gas f r o m  the constant tem- 
perature surfaces goes through a maximum as the 
absorptivity of the gas increases. This  i s  in quali- 

tative agreement with earlier results obtained by 
other inuestigators. 

All the results are presented in terms of di- 
mensionless parameters, for the sake of generality, 
and the derivation of the dimensionless parameters, 
which are indicative of the ejects of conduction and 
$ow. i s  presented. 

INTRODUCTION 

During the past 5 years, there has been a sig- 
nificant increase of interest in the problem of 
radiant heat transfer to absorbing gases. Recent 
activity in this area has been motivated by the 
advent of heat-transfer problems arising in space- 
vehicle reentry, magnetohydrodynamic energy 
conversion, and energy transport in a gaseous 
nuclear reactor. 

Hottel was one of the earliest workers in this 
field, having investigated radiant heat transfer 
from furnace gases as early as 1927. Although 
other workers have recently become active in 
the field by obtaining solutions for heat transfer 
and temperature distributions (refs. 1 to 3), 
Hottel’s analysis (ref. 4) of the radiant heat- 
transfer problem remains probably the most 
realistic, since it is applicable to real (nongray) 
gases and may be applied to geometries of almost 
arbitrary shape. 

Considerable work has been done in studying 
the problem of combined radiation and conduc- 
tion, particularly in the glass industry, an example 
of which is given in reference 5. More recently, 
Viskanta has presented a rather complete analyti- 
cal treatment of combined radiation and conduc- 
tion between two infinite parallel flat plates 
separated by an absorbing gas (ref. 2). In both 
references 2 and 5, however, only specific results 
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are presented, and little effort is made to present 
the results in generalized form. Much less effort 
has been directed toward studying the problem 
of radiation heat transfer to flowing, absorbing 
gases. This problem was investigated in refer- 
ence 3, but some of the simplifying assumptions 
made in the analysis render the results valid only 
for the case of weak absorption in the gas. 

It is the purpose of this investigation to expand 
on the work of references 2 and 3. The method 
used in the present analysis is a modification of 
Hottel's zoning technique (ref. 4). Results are 
obtained for a gray gas in a rectangular channel 
formed by two black parallel flat plates of finite 
length and infinite width. They are presented in 
generalized form for both radiation to a flowing 
gas and for combined radiation and conduction 
to a stationary gas. 

ANALYSIS 

A two-dimensional analysis of radiation heat 
transfer is made for a gray gas enclosed in a 
rectangular channel formed by two black parallel 
flat plates of finite length and infinite width. 
This configuration is shown in figure 1. A 

Porous 

Absorbing g a s J  

FIGURE 1 .-Rectangular channel configuration. 

rigorous treatment of this problem requires the 
solution of the following two-dimensional integro- 
differential equation, which represents the heat 
balance on an infinitesimal volume d V a t  any point 
in the channel: 

where 

radiant energy emitted 
4kuT4(z,) per unit volume a t  

r=Ro 
enthalpy increase per 

unit volume of the 

flowing gas a t  r=R,  
net  conduction hea t  

transfer into the unit 
volume 

radiation absorbed per 
unit volume a t  R, from 
emission given off by 
the surrounding gas 

+ +  

+ +  

+ + +  
k ~ ~ ~ u T 4 ( r ) ~ f ( r - R , ) d i  

+ + +  radiation absorbed per 
unit volume a t  R, from k~~uT ' ( r )g ( r -Ro)dA 
emission of flat plate 
and end surfaces 

If the conduction and convection terms in equa- 
tion (1) are removed, the solution is greatly 
simplified, since the equation will then be linear 
in the emissive power uT4. (All symbols are 
defined in appendix A.) If, in addition, the 
length of the channel also becomes infinite, the 
integrals can be partly evaluated in closed form 
in terms of exponential-integral functions, as was 
done in reference 1. In  the absence of these 
simplifying restrictions, the only feasible way to 
solve this problem appears to be by application 
of a method similar to Hottel's, whereby the 
two-dimensional integral in equation (1) is ap- 
proximated by a system of algebraic equations. 
The cross section of the channel shown in figure 1 
is divided into a 10x10 array of equal size rec- 
tangular zones. This arrangement is illustrated 
in figure 2 .  Since the region between the plates 
is infinite in depth (perpendicular to the cross 
section shown), each of these 100 zones really 
consists of a rectangular bar of infinite length. 

porous 

Lowe: p l a t e ,  

I 2  3 4 5 6 7 8 9 I O  
I 

FIGURE 2.-Cross section of channel illustrating division 
into 100 gas zones and 10 surface zones on each surface. 
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Heat-balance equations in the form of equation 
(1) can now be written for infinitesimal volume 
elements located a t  the center of the cross sections 
of each of the 100 zones. Similarly, the four 
enclosing surfaces of the channel are divided into 
10 zones each, whose boundaries correspond to 
those of their adjacent gas zones described pre- 
viously. The surface zones on the plates are all 
of equal size, as are those on the porous end sur- 
faces. The size of the latter zones will not 
generally be equal to the plate surface zones 
unless the cross section of the channel is square. 

The problem to be solved is: Given the surface 
temperatures of the plates and ends of the channel, 
find the temperature distribution of the gas in 
the channel and the heat exchange between the 
gas and the surfaces. The temperature distribu- 
tion on the plates and ends is specified by giving 
the temperatures for each of the surface zones. 
The temperature may vary from one surface zone 
to another but is uniform over each zone. The 

a t  the center of the (i, j ) t h  zone then becomes, as 
described previously : 

1 = 1 , 2  

for i=1, l O ; j = 1 ,  10 (2) 

Here R , i  is the position vector of the center of 

the (i,j)th zone and rm,n is the position vector of 
any point in the cross section of the (m,n)th 

+ 

+ 

+ + 
principal difference between the present approach 
and that of reference 4 is that herein the heat 

zone. Similarly, rm and rn are position vectors of 
any point on the surface zones on the plates and .~ 

--f + balances are not taken on an entire zone, as was 
done in that reference, but rather on infinitesimal ends, respectively. The function f (rm, n- R ,  r )  is 

the exchange factor from an infinite-line source 
volumes a t  the center of each zone. This modi- + 
fication produces a great simplification in the 
task of calculating the integrals on the right side 
of equation (1). 

APPLICATION OF HEAT-BALANCE EQUATION TO ZONE 
CENTERS 

Application of equation (1) to the infinitesimal 
volume elements a t  the center of the gas-zone 
cross section allows replacement of the derivative 
and integral terms in equation (1) with approxi- 
mate difference quotients and sums that are 
algebraic functions of the temperatures a t  the 
center of each of the 100 gas zones. Since a heat- 
balance equation is written on the center of each 
of the 100 zones, equation (1) is approximated 
by a system of 100 nonlinear algebraic equations 
whose unknowns are the 100 values of temper- 
ature a t  the centers of the zones just described. 
Each of the 100 zones is labeled by a dual sub- 
script i, j ;  i is the position along the length of tbe 
channel, and j represents the position in the 
transverse direction. Since the integrals in equa- 
tion (1) are space integrals over the entire channel. 
they may be replaced exactly by the sums over all 
the zones of the integrals over each zone. The 
heat-balance equation for an infinitesimal volume 

through position rm,n in the cross section of the 
(712, n)th gas zone to an infinitesimal volume at the 
center of the (i,j)th gas zone. The exchange fac- 
tors from infinite-line-surface sources on the plate 
and end surfaces to an infinitesimal volume a t  the 

center of the (i, j)th gas zone are gp(rm-Rt,,) and 

ge(rn- R ,  ,) , respectively. Similarly, T,, and 
Te,z represent the temperatures of the surface 
zones on the Zth plate or end, respectively. The 

line-source to point exchange factors f ( s )  and 

g(s) are derived in appendix B. It is shown that 

f ( s )  is dependent only on the product of the gas 
absorptivity and the perpendicular distance from 

the point to the line source, and that g(s) is, in 
addition, dependent on the perpendicular distance 
from the point to the surface plane in which the 
line-surface source lies. 

- - f +  

+ +  

+ 

+ 

+ 

+ 

ALLOWANCE FOR VARIATION OF TEMPERATURE IN GAS 
ZONES 

Thus far, the only temperatures that have been 
discussed are those of infinitesimal volumes a t  
the center of each zone. Generally, the gas 
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temperature in a zone will not be uniform but will 
be a function of the position in the zone. The 
spatial dependence of gas temperature in a zone 
can be quite closely approximated by assuming 
that the variation of temperature in that zone is 
linear in two dimensions. A method of producing 
such an approximation is discussed subsequently. 
Since the channel is divided into 100 gas zones of 
equal size, the dimensions of the cross section of 
each zone are L/10 by D/10. In  the cross section 
of each zone, a rectangular coordinate system may 
be set up with the origin a t  the center of the cross 
section. The region covered by a zone is then 
defined by -L/20 _<u<L/20 and-D/20 _<v<D/20. 
The temperature field in the (m, n) th zone is then 
approximated by the following linear function: 

where the dimensions of the zone are given by 
U=L/lO and V=D/10. The temperatures a t  the 
center of the two zones adjacent to the (m,n)th 
zone on the sides toward the (i, j)th zone are 
Tmkl,. and Tm,nkl, where the subscripts i, j and 
m, n have the same meaning as in equation (2). 
The coordinates in the (m, n) th zone u, v are such 
that their positive direction is toward the (i, j )  th 

zone. Equation (3) is then multiplied by the 

exchange factorf[r,,,(u, v) -Rf,i], and the integral 

aT4(rm, n) f (Tm,  .- R ,  j)drm, n, which appears 
in equation ( 2 ) ,  is evaluated numerically for each 
zone. The details of this integration are given 
in appendix C. 

-) -3 

--f 3 + s s s  
EVALUATION OF EXCHANGE INTEGRALS 

The labor of evaluating all the integrals that 
appear in equation (2) for each combination of 
i, j and m, n is considerable, and i t  is desirable to 
reduce the magnitude of this effort if a t  all possible. 
Fortunately, a simplification is possible because of 
a certain symmetry in the problem created by the 
fact that all the zones are of identical size. In  
the evaluation of the zone exchange integrals in 
appendix C, it is shown that the integration of the 
exchange factors from one zone to the center of 
another is independent of the zone temperatures. 

Since the nature of the exchange factorsf(s) is 
--f 

such that the volume integrals reduce to surface 
integrals over the zone cross section (see appendix 
B), the integrals evaluated in appendix C are of 
the form: 

The integrands and resulting integrals immedi- 
ately preceding are functions only of the relative 
positions of the (i, j) th and (m, n) th zones. Thus, 
if the (iJ j )  th zone is taken to  be a t  one of the 
corners of the channel cross section, for example, 
i ,  j = 1 ,  1, computation of the preceding integrals 
from all the m, n zones (m=1, 10; n=1, 10) with 
respect to 1, 1, yields the exchange integrals 
between any zone and the center of any other 
zone in the system. The integral of the 1,1 zone 
with respect to 1, 1 gives the exchange between 
an entire zone and an infinitesimal volume located 
at  its center. With this method, it is not necessary 
to conipute these integrals for every zone-pair 
combination, which would involve (loo)'= 10,000 
integrations, if, for instance, the zones were not 
of equal size. Rather, it is only necessary to 
compute the 100 zone-pair exchange integrals 
given previously, which represents a considerable 
reduction of effort. 

The evaluation of the surface to gas exchange 

integrals g(s), which appear in the last two terms 
of equation (2), is somewhat simpler, especially 
since the temperature over each surface zone is 
uniform in this analysis. Consequently, the 
temperature again is outside the integral, and the 

integrals JJ q(rm-Rf, JdA, over each surface 
zone, which give the exchange from that surface 
zone to an infinitesimal volume at  the center of 
the (i, j )  th gas zone, are integrated numerically. 
Again, since these integrals are dependent only 
on the relative positions of the two zones, use 
may again be made of the symmetry of the prob- 
lem to reduce the amount of work required to 
calculate the surface-zone to gas exchange inte- 
grals for all possible zone combinations. There are 
generally two different size surface-zone elements, 
one for the ends and one for the plates. If these 
elements are placed in one of the corners of the 
channel and the exchange integrals are computed 
from these corner surface elements to the centers 

3 
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of all the 100 gas zones, there will result a total 
of 200 different exchange int.egrals, 100 end- 
surface to gas exchange integrals, and 100 plate- 
surface to gas exchange integrals. Again, these 
200 integrals cover all possible combinations of 
surface-gas zone pairs. The surface-gas zone-pair 
exchange integrals just described, together with 
the 100 gas-gas zone-pair exchange integrals 
described earlier, are sufficient to define all the 
exchange integrals in equation ( 2 )  in terms of 
the 100 unknown gas-zone-center temperatures 
and the 40 known surface-zone temperatures. 

Another simplification in the coinputation of 
the exchange integrals discussed previously is that 
the radiation exchange between any two points 
in the channel separated by inore than seven 

( 2 )  deteriorates rather rapidly when the zones 
t,hernselves become optically dense; for instance, 
when the opacity of a zone in the direction of 
inaximwn heat transfer (perpendicular to the 
plates) becomes greater than one mean free path. 
When this occurs, the solution of equation (2) 
is more susceptible to error because of the following 
two considerations: First, a t  high values of zone 
opacity, the assumption of linear variation of 
emissive power in the cross section of a zone is 
no longer necessarily an accurate representation 
of the actual situation, particularly in gas zones 
adjacent to a surface boundary. Second, as the 
zones become increasingly opaque, equations ( 2 )  
tend to become indeterininate. This second 
situation occurs when a zone becomes so opaque 
that tin infinitesimal volunie a t  the center- of a 
zone effectively receives radiation only from the 
zone in which it is located and almost none from 
any of the other surrounding zones. This has 
the following effect on the coeficients of the 
heat-balance equation (eq. ( 2 ) )  for that particular 

+ + zone. The exchange integrals from the other 

+ 
mean free paths rClsl27, can essentially be 
neglected. It is shown in appendix D that, for 
the case of uniform eniissive power in a region of 
absorbing gas, the error incurred by neglecting 
all sources more than seven mean free paths away 
is less than 0.1 percent. Because of this, the 

exchange factors g(s) and f ( s )  are set equal to 

zero for all kJs1>7, and the evaluation of the 
exchange integrals at  these distances is eliminated. 

+ 

SOLUTION OF HEAT-BALANCE EQUATIONS 

The evduation of all tlie gas to gas and surface 
to gas exchange integrnls having been completed, 
it is then possible to reduce the suniination of the 
integrals in equation (2) to finite sums of individual 
terms linear in the 100 unknown emissive powers 
 UT^,,^. Were it not for the conduction and 
convection terms, the resulting system of equations 
would be entirely linear in T4. The presence of 
these important and realistic terms, however, 
gives rise to nonlinearities in the system of 
algebraic equations to be solved; consequently, 
the system of equations described in equation ( 2 )  
must be solved by iterative means. The well- 
known Newton-Raphson method for solving 
systems of nonlinear algebraic equations is used 
in the present analysis to obtain the solutions, 
and the details of its application are given in 
appendix E. 

It should be mentioned that the accuracy of the 
solution of the system of equations in equation 

zones tend to vanish, and, consequently, so do 
the coefficients of the emissive powers of the 
other zones in the given equation. The exc.hange 
integral froin tlie given zone to its center becomes 
larger, r,ipitll~7 approaching the limiting value of 
4 (see appendix D) and thus canceling out the 
emission coefficient a t  the zone center. Conse- 
quently, the coefficient of the emissive power of 
the given zone also tends to vanish. Since all 
the coefficients representing radiative exchange 
in equation (2) become vanishingly small, the 
effects of small errors made in computing the 
exchange integrals become magnified, and the 
system of equations also tends toward indeter- 
minacy. Because of the preceding considerations, 
use of the method of this report should be limited 
to cases in which the optical distance across the 
zone, in the direction perpendiculvr to the surface 
of the plates, does not exceed one mean free path. 

The solution of equat.ion ( 2 )  yields the gas 
temperatues a t  the centers of all the zones. This, 
therefore, essentially determines the entire two- 
dimensional temperature profile in the channel. 
The problem, however, is not yet completely 
solved; the ainount of heat transferred between 
the gas and the bounding surfaces of the channel 
remains to be determined. 

656-792 4 F - 2  
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DETERMINATION OF NET HEAT TRANSFER TO SURFACE 
ZONES 

The problem of determining the heat exchange 
between the surfaces and the gas essentially can 
be divided into two parts: (1) the direct radiant 
heat transfer among the four bounding walls 
of the channel, and (2) the heat exchange between 
these surfaces and the gas by combined radiation 
and conduction. 

As mentioned earlier, the temperature of each 
surface zone is assumed to be uniform over that 
zone. Consequently, when the radiation froni 
one surface zone to another is computed, the 
temperature may be talien outside the exchange 
integral to simplify matters. The radiation 
froin surface zone m to surlace zone n is 
given by 

A ,  

+ 
The function h(s) is the surface-line-source to 
infinitesi I I i id-surface-area exchange factor, the 
derivation of which is given in appendix B. The 
integration of equation (4) is carried out over 
both zone m, the emitter, and over all of zone n, 
the receiver, for both the parallel and perpendicular 
cases. 

The computation of the radiative exchange 
between the gas and the walls is soiiiewliat inore 
involved. At f i s t  glance, i t  niiglit seeiii possible 
that this exchange could be given b -  the surface- 
gas exchange integrals: 

It should be emphasized, however, that these 
integrals gave only the exchange between a surface 
zone and an irifinitesilital volume eleiiient at the  
center of a gas zone; they do not give the exchangc 
between a surface zone and an entire gas zone. 
The actual integral that gives this exchange 
would be 

This integral represents exactly the radiation 
emitted froin an entire gas zone i, j that is trans- 
ferred to a surface zone m and includes the effect 
of varying gas temperature in the zone. The 

evaluation of an integral of so high an order 
is prohibitively laborious; consequently, practical 
considerations dictate that sonie simplifying 
approximations be made. Therefore, it was 
assumed that the heat flux from any gas zone 
reaching a surface zone was uniform over that, 
surface zone and equal to the flux reaching an 
infinitesimal surface area located a t  the center of 
that zone. On the basis of this assuiiiption, the 
integration over the s u r f ~ e  zone inn>- be omitted, 
and the previous equation reduces to 

+ 
where I?, is the position vector of the infinitesimal 
area a t  the center of the mth surface zone. The 

temperature distribution T ( r ,  J in the gas zone 
is again given bj- equation (3) with (i, j ) + ( m ,  n). 
The details of the integration of equation ( 5 )  
are very similar to those given in appendix C 
for the gas-zone to gas exchange integrals, where 
the infinitesinial volume element is replaced by a 
siniilar surface element, and the gas to gas exchange 

factors .f(s) are replaced by the surface to gas 

exchange factors g(s ) .  Again, as in the previous 
case, the linear form of the gas-zone temperature 

distribution T(r, ,  J iiialies i t  possible to forniulate 
equation ( 5 )  in ternis of the gas-zone-center 
teniperatures T,, u-hi(-h niay be taken outside 
the integrtil. The residual integrands are then 

entirely in ternis of g(s) and u, u, and, as before, 
the resulting exchange integrals are only dependent 
on the relative positions of the surface and gas 
zones. As in the previous case for the surface- 
zone to gas exchange integrals, 

+ 

+ 

+ 

+ 

+ 

ss gGm- zl. A dAm 

the present gas-zone to surface exchange 
integrals 

+ +  + +  
JJJg(nm-ri,j)dri,,=sJSg(Rm-ri.j)du dv 

i, i 

are computed in the same manner as before, which 
results in a total of  200 values needed to describe 
the exchange between any possible gas-surface 
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zone combination. Again the nature of the 

exchange factors g(s) is such that the volume 
integrals over the gas zone are reduced to surface 
integrals over the gas-zone cross section. The 
assumption that the heat flux over a surface zone 
is uniformly represented by the value a t  the center 
of the zone is an excellent one when the distance 
between the surface and gas zones is large and 
is satisfactory even when the zones are adjacent, 
if the zone sizes are small relative to  the size of 
the entire channel. 

The computation of radiative exchange to a 
given surface zone from all the other surface 
and gas zones in the system having thus been 
described, the net radiation heat transfer a t  a 
given surface zone can easily be calculated by 
subtracting the sum of the radiation received 
from dl other zones from the radiation emitted 
a t  that surface. Specif?cally, for a surface zone 
on one of the plates: 

-3 

The factor hpp is the surface exchange factor 
between two parallel surface zones and h,, is that 
for two perpenclicular surface zones. 

The net radiation heat transfer at each surface 
zone having been computecl in the previous man- 
ner, there remains to be calculated only the con- 
duct.ion heat transfer between each plate surface 
zone and the adjacent gas. Since axial concluc- 
tion is neglected in this analysis, only transverse 
conduction in a chection perpendicular to the 
plates is considered. At each plate surface zone, 
the heat concluction to  the gas a t  y=D or a t  y=O 
is given by  

The transverse temperature gradient a t  the plate 
is computed from the slope of a parabola fitted 
through the surface temperature a t  the pIate and 
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the gas temperatures at the centers of the fkst 
and second gas zones away from the plate Tm,z 
and T m ,  n*I : 

where Tm, is the temperature a t  the center of the 
gas zone adjacent to the 7nth surface zone on the 
plate. By combining the results of equation (7) 
with those of equation (6), the net. total heat 
transfer for each surface zone on the plates is ob- 
tained. Since axial conduction is not  considered, 
the net heat transfer through the ends of the 
channel is obtained by applying equation (6) to  
the end-surface zones on the porous black plugs. 

At this point, a very important practical facet 
of this analysis should be cliscussed. AIthough 
allowance was made for the variation of gas tem- 
perature throughout the entire channel, in each of 
the many different exchange integmls that were 
derived, it was possible to state the problem en- 
tirely in terms of the gas-zone-center temperatures, 
which then could be taken outside of the integrals. 
The resulting integrals were then problem inde- 
pendent in that they r e r e  a function only of the 
size of the zones, the gas absorptivity, and the 
relative positions of the zones. Therefore, a set 
of these exchange integrals can be computed for 
given channel dimensions and gas absorptivity. 
Since the labor required to perform these integrn- 
tions is usually an order of ma,anitude greater (in 
terms of t?ime) than that required for the iterat.i.Fe 
solution of equation (z), it makes sense to com- 
pute these exchange integrals separately from the 
rest of the problem. Then, with a set of exchange 
integrals for a given channel codgmation and gas 
absorptivity, it is possible to  solve many m e r e n t  
problems merely by chan,oing the channel bound- 
ary temperature ancl flow conditions without the 
burden of recomputing these exchange intepals 
anew for each case. 

PRACTICAL CONSIDERATIONS 

RESULTS AND DISCUSSION 

The system of equations described by equation 
(2) was solved on  an IBM '7090 computer u skg  
the methods described in the last section for the 
general case of a gray gas of constant absorptivity, 
enclosed in a black-walled rectangular channel 
of aspect ratio L I D  equal to 10, for a range of 
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with E(O)=E,=aT: and is valid for large vdues 
of k y .  Thus, the emissive power E=cT4 varies 
linearly in the gas between the plates, and, in 
terms of the limiting transverse temperature dis- 
tribution between the plates, the integration of 
equation (9) gives 

( g y  gy +[ 1 -($>'I 5 (1 0)  

where E(D)=oT$. Equation (10) is the limiting 
temperature distribution as r0 becomes large and 
is plotted in figure 4. 

COMBINED CONDUCTION AND RADIATION 

I n  order to discuss the effect of conduction on 
radiation in a stcigncint gas, i t  is desirable to 
present the results in some type of nontliinensional 
parametric form to obtain coinplcte geiierdity. 
The desired forin is found by neglecting the flow 
term in equation ( I )  and then dividing by aTik, 
where T, is n reference temperature, which re- 
sults in 

4 4 

Equrition (11) is now posed in terins of tliinension- 
less temperatures. The integrals on the right are 
functions of the channel diniensions and gas ab- 
sorptivity, which relation may be condensed to 
dependence on T ,  and L/D.  The other parameter 
that appears in equation (11) is (XID)/r,uT;. The 
solution of equation (1 1) for the dimensionless 
temperature profile then depends on the previous 
three parameters and the boundary contlitions of 
the channel, which, with end effects neglected, is 
simply the temperature ratio T,/T* of the two 
plates. I n  suinmation, when the end tempera- 
tures are equal and chosen such as to minimize 
end effects, the solution of equation (11) is com- 
pletely determined by the following set of pa- 
rameters: (X/D)/r,aT;, T,, LID, T,/T*. The dual 
dependence on r0 may be eliminated, and then 
the solution is equally well determined by the set 
of parameters given as (X/D)/aT;, r,,, LID, T,/T*. 
The parameter (X/D)/aTi represents the effect of 
thermal conduction on the solution of equation 

GASES B E T W E E N  PARALLEL FLAT P L A T E S  9 

(1) ; for brevity, define NCR= (X!D)/aT:. The 
results for combined radiation and conduction 
may then be generally represented in terms of 
NCR. The boundary conditions for which the com- 
bined radiation-conduction problem is solved are 
the same as those for the pure radiation case 
previously discussed. The two plates are a t  uni- 
form but different temperatures T* and T,, and 
the end temperatures are equal and are chosen 
such as to minimize end effects. Figure 5(a) 
shows the effect of combined radiation and con- 
duction on the transverse temperature profile for 
both a weakly absorbing gas ( ~ , = 0 . 2 )  and a rela- 
tively opaque gas (~,=4.0). As mentioned earlier, 
becciuse of the effect of conduction, the tempera- 
ture profiles become continuous a t  the plates. 
For both cases illustrated, however, the tenipera- 
ture grwtlient and, thus, the heat conduction a t  
the cold wall wtis substantially greater than for 
the case of pure conduction (shown by the linear 
temperature profile). At the hot wall, however, 
the temperature gradient may be either greater 
or less than that for pure conduction. The 
temperature paclient a t  the hot wall for the 
combined process is usually less than that for 
conduction alone (fig. 5(a)), except when both T ,  

tint1 NCR we quite low (fig. .5(1))). 

I .o 

.9 

t. * .8 It. 
E .7 

D 
w .6 

+ .5 

.4 

. 3  

.2 

c 

a 

E, 
In 0 

(3 

0 .2 .4 .6 .8 1.0 

Distance between plates,  2 D 

(a) Plate temperature ratio, 0.2; conduction-radiation 

(b) Plate trinperature ratio, 0.2; optical distance between 
ntiinbrr, 0.208. 

plates, 1.0. 

FIGURE 5.--Dimensionless temperature profiles for com- 
bined conduction a n d  radiation in absorbing gas enclosed 
between two parallel black flat plates. Reference 
t,emperature is temperature of hot plate. 
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FIGURE 6.-Variation of augmentation ratio with optical distance betiwen plates for conihinrd radiation and conduction 

Another effect of combined radiation and con- 
duction is that the total heat transferred between 
the plates is slightly greater than the sum of that 
for radiation and for conduction taken separately. 
This effect is shown in figure 6 where the ratio (Y 

of the combined heat transfer to the sum of both 
components taken separately is plotted against 
r0 for various values of NCR. This augmentation 
effect, which is also evident in the results obtained 
in reference 2 ,  is a result of the interaction be- 
tween radiation and conduction that results from 
the nonlinear nature of the combined process. 
When ro=O, the gas is nonabsorbent and its 
presence does not enter into the radiation transfer 
between the plates. Consequently, the processes 
of conduction and radiation are niutually inde- 
pendent, and the augmentation ratio a! equals 1.0. 
At  a given value of NCR, the masimum augmenta- 
tion ratio occurs in the range 0.5< r0< 1.5. As 
r0 increases, the augmentation ratio rapidly ap- 
proaches unity again. This latter result is also 
indicated by use of the Rosseland approximation 
a t  large ro.  In  an optically dense medium, the 
local heat, flux at a point due to combined radia- 

tion and conduction, by using the Rosseland 
approsiination (ref. 2 )  is given as: 

The heat flus between parallel flat plates must 
remain constant in the region between the plates 
in the absence of internal sources or sinks. Inte- 
gration of equation (12) yields 

The heat transfer by conduction alone is 

and by radiation alone is 

Froiii equation (13) the result obtained is that for 
large values of r0,  where the Rosseland approsinia- 



tion is valid, there is again no interaction, and, 
therefore, the augmentation ratio again becomes 
unity, in general agreement with the trends shown 
in figme 6 .  For the case where T,lT*=O.2 shom 
in fi,gure 6(a), the m a h u m  augmentation is 
about 1.055 and o c c m  at NCR-0.200 and r,=1.2. 

A comparison of f?,gures 6 (a) and (b) shows the 
effect of decreasing the temperature difference 
between the plates on the augmentation ratio. 
As expected, when the temperatures of the plates 
become nearly the same, the au,gmentation effect 
decreases markedy. The reason is that for smaU 
temperature CLifEerences the radiation transfer can 
be approximated by the linearized relation: 

AT'=4T3AT for AT small 

Since for small AT the  coefEcient 4T3 remains 
nearly constant, the racliative transfer is nearly 
linear in A T .  Because conduction is always 
linear in AT, there is very litt.le nonlinear inter- 
action between the two processes, and the augmen- 
tat#ion ratio approaches unity as A T 4  for alT 
T~ and &E. 

.g- - 1-10 - 
? Qk 
c + 1-08 

0 -  

Z '1 1-06 ":: 
2 ~r 1-04 
e-0 

E I1 

z F 
H 1.00 

.E QQ - 

5 s  

2 1-02 

u u  

.01 -02 -04 .I .2 -4 -6 I 2 4 6 8 10 
Conduction - radiation parameter, NCR = (X/D) /u T: 

FTGCRE 7.-Maximum value of augmentation ratio &th 
respect to  opacity as function of conduction-radktion 
parameter for different values of plate temperature ratio. 

Fi,gure 7 summarizes the effect of NcE on the 
au,gmentation ratio a. The maximum values of 
a, -with respect to T,, from figures 6 (a) and (b) 
are shown as functcions of NcR for two different 
pIate temperature ratios. It is seen that the 
ma-xbum interaction between conduction and 
radiation heat transfer occurs in the range 0-I< 
hTcR<I.O- AIso, in agreement with the last 
paragraph, the level of interaction decreases as 
the temperature ratio of the plates approaches 
unity- 
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configurations. Though the present method can 
be rxtended to nongray gtises (where k is dcpend- 
ent on the wavelength of radiation) by simulating 
the real gas by a mixture of gray gases as outlined 
in reference 4, it would be very difficult to extend 
it, in its present form, to the case of temperature 
or spatially dependent absorption coefficient. 

The parameter that is representative of the 
effects of combined radiation and conduction in an 
absorbing gas is (h/D)/uT:.  Introducing con- 
duction in conjunction with rsdiation makes the 
temperature profiles continuous at  the bounding 
surfaces and results in higher temperature gradi- 
ents a t  cool surfaces than those that would be 
obtained for conduction alone. In other words, a 
ratliution-absorbing gas increases the conduction 
heat transfer to cool surfaces. T h e  total com- 

GASES BETWEEN PARALLEL FLAT P L A T E S  13 

binecl conduction and radiation heat transfer be- 
tween parallel flat plates sepnrnted by an nbsorb- 
ing gas is slightly greater than the sum of the 
conduction and radiation heat transfer taken 
separately. 

The partimeter that is indicative of the effect of 
a flowing, absorbing gas on radiation is Gc,/uTZ. 
The heat transferred from a constant-temperature 
surface to a cooler, flowing, absorbing gas goes 
through a maximum as the opacity of the gas is 
increased. For the configuration discussed in this 
report, the maximum heat transfer occurred in the 
range 1 .5<r0<3.0. 

LEWIS RESEARCH CENTER 
SATIONAL AERONAGTICS A N D  SPA(’E ADMINISTRATION 

CI,EVEI.,\NI), OHIO,  Srpte i i tber  12, 1962 
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APPENDIX A 
SYMBOLS 

surface area 
specific heat of gas 
distance between plates 
emissive power, aT4 
exchange factor functions (see eqs. (B6), 

gas-line-source to gas radiation exchange 

flow density of gas, weight flow per unit 

surface-line-source to gas radiation ex- 

surface-line-source to surface radiation 

radiation absorption coefficient of gas, 

length of channel or plates 
Boltzniann number, Gc,/aTi 
conduction-radiation number, (X/D)/uT: 
points in coordinate system 
heat transferred 

position vector of fixed point in channel or 

position vector of variable point in channel 

relative position vector between two points 
in channel 

temperature 
length of gas zone 
coordinate in gas zone parallel to x-direc- 

height of gas zone 

(B11) 1 ( B W )  

factor 

area 

change factor 

exchange factor 

reciprocal length 

on surface 

or on surf ace 

tion 

V 

5 

Y 

a 
A 

x 
u 
i- 

d 7 
i-a 

coordinate in gas zone parallel to y-duec- 

coordinate along length of channel 
transverse coordinate perpendicular to 

augmentation ratio, qRC/ (qc + qE) 
thermal-effectiveness parameter, (To- Ti) /  

thermal conductivity of gas 
Stef an-Bo1 tzniann constant 
optical thicl- \ness 
infinit esimal volume element in gas 
optical distance between plates, k D  

tion 

plane of plates and 5 

( T* - Ti) 

Subscripts: 

C 

e 
in 
'h 3 

c 

. .  

k l l  
7n, n, 

0 

P 
R 
S 

V 

* 

conduction 
cooler plate 
porous end surface 
inlet conditions 
positions along length and across channel, 

respectively, of fixed gas zone (usually 
zone on which heat balance is taken) 
i=1, 10; j =1 ,  10 

plate or end numbers, k = l ,  2 ;  1=1, 2 
general positions along length and across 

channel, respectively, of end surface or 
gas zone, m = l ,  10; n = l ,  10 

integrated mean conditions at outlet of 
channel 

plate surface 
radiation 
surface 
volume elenient 
reference value 

14 



APPENDIX B 
DERIVATION OF LINE-SOURCE TO POINT EXCHANGE FACTORS 

GAS-LINE-SOURCE TO GAS RADIATION EXCHANGE FACTOR 

f 2) 
Consider the configuration illustrated in sketch 

(a). An infinite line source of radiating gas of 
constant emissive power E, and of cross section 
dA is located a t  a distance s from an infinitesimal 
volume of absorbing gas a t  point P. At each 
point Q on the line, the ratliution emitted is 

4k tlA d z  Eo 

The amount of the radiution eniittetl u t  (3 in the  
direction of P is then 

dA 
4nt 4k dA d z  +E, 

where dA, is the projected area of d V  in the direc- 
tion of Q. The aniount of this energy that reaches 
P is attenuated exponentially to give 

k tlA dz dA,, --k, 
- e  E, 

nt2 

Of this aniount reaching P froin Q, the fraction 
k clsu is absorbed a t  P,  where t l s ,  is the nic:m path 
length through dV. I t  ciin be shown from the 
definition of mean path length through dV, that 
dA, ds,=dV. Thus, the cuergy originating a t  
Q, which is absorbed a t  P ,  is given by 

k2 dA dz dV e-ktE, 
. ___ dq = at2 

The contribution from the entire line to the absorp- 
tion a t  P is obtained by integrating over all the 
source points on the line, that is, from z=-m 
to z= +a. Thus, 

6!- - d A  
(a l  

Refer to sketch (a) and niake the substitutions 
t=s sec e and z=s tan 0. Then, 

Finally, since the integrand in equation (B3) is 
an even function of 0, 

+ 
The exchange factor j ( s )  from an infinite line 
of cross sect.ion CIA to LI. volume dVis  then given by 

Note that the integral itself is a function only 
of ks. Define T=ks, then 

The function Fl (T) was obtained by numerical 
integration and is plotted in figure 10. 

15 
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FIGURE 10.-Variation of eschange factor function with 
optical thickness; 

SURFACE-LINE-SOURCE TO GAS RADIATION EXCHANGE 
4 

FACTOR y(s) 

Consider the configuration illustrated in sketch 
(b). An infinite line source of raclirtting surface 
of width dx and constant emissive power Es is 
located a t  a distance s from an infinitesimal 
volume of absorbing gas a t  point P. At each 
point Q on the line surface, the racliation emitted 
in the direction of P is 

ES dA - cos $0 dx clz 2 
n- t 2  

where cp is the angle between the noriiial to the 
surface and the ray from Q to P. Then, in the 
same manner as before, the energy emitted a t  Q 
that is absorbed a t  P is given by 

e - k l  

(B7) 
E dq=” COS cp dx dz - k dV 
7r . t 2  

Again, integration over the entire line on the 
surface yields the total contribution: 

Refer to sketch (b) and note that Y is the per- 
pendicular distance from dV to the plane in which 

d V - .  

3 

z 

dx 
( b l  

the line-surface source h s .  Make the following 
substitutions: t=s sec 0, z=s tan 0, and cos 
(a= rr/t= ( Y / s )  cos 0. By using these transforma- 
tions, the total contribution is obtained and is 
given by 

+ 
The eschange factor g(s) froin a surface-infinite- 
line source of width dx to a gas volume d V  is then 
given by 

. 

Again, the integral itself is a function only of k s .  
Define 

Fz( T )  =s e COS 0 de (B11) 

The function E’,(T) was obtained by numerical 
integration of equat,ion (B11) and is plotted in 
figure 10. 
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SURFACE-LINE-SOURCE TO SURFACE RADIATION EXCHANGE 

-3 
FACTOR h(s)  

Parallel surfaces.-Consider the configuration 
given in sketch (c). An infinite-line-surface 

(Cl 

source of width dx and constant emissive power 
Eg is located a t  a distance s from an infinitesimal 
surface area dA a t  a point P in a plane parallel 
to the plane of the line surface source. At each 
point Q on the line surface source, the energy 
emitted in the direction of P is 

ES dA COS cp 
- COS cp dx d z .  -~ 
n- t2  

Again cp is the angle between the normal to the 
surfaces and the ray from P to Q. If both sur- 
faces are black, the energy radiated suffers only 
exponential attenuation, and, consequently, the 
energy emitted by Q that is absorbed a t  P is 

Again, integration over the entire line source 
yields the total contribution a t  P: 

6q=- E=, dx dAJ-y $ cos2 cp dz (B13) 
R 

Refer to sketch (c) and make the same substitu- 
tions as before with Y as the perpendicular 
distance between the surfaces and cos cp= ( Y / s )  

6 9 ~ 2 -  E, d~ dA- :lr” ,-l;s/Cos e cos2 0 dB (B14) 

The exchange factor h(s) from a surface-inibite- 
line source of width dx to a surface area dA parallel 
to the plane of the line source is now 

COS e: 

R 
-3 

The integral is a function only of ks and niay be 
defined as follows: 

F 3 ( ~ ) =  e - r / r o B o  cos2 0 de (B16) r2 
The function F3(7) is plotted in figure 10. 

Perpendicular surfaces.-Consider the case 
where the surfaces are perpendicular as shown in 
sketch (d) . The infinite-line-surface source lies 

P 

X 

I 
Y / 

in one of the planes a t  a distance s from an in- 
finitesimal area dA a t  a point P in a plane per- 
pendicular to the plane of the line-surface source. 
In the same manner described previously, the 
energy emitted a t  each point Q on the line source, 
which is absorbed a t  dA, is 

e - k l  
dq=- COS pi COS p 2  dx dz 7 ES 

n- t (B17) 

The angle cpl is the angle between the ray from 
Q to P and the normal to the plane of the line- 
surface source. The angle cp2 is the angle be- 
tween the ray from Q to P and the normal to 
the plane of dA. Let X be the perpendicular 
distance from P to the line-source plane and Y 
be the perpendicular distance from the line source 
to the plane of dA. Then from sketch (d) 
COS cpl=(X/s)cos e and cos (p2=(Y/s)cos 8. 
Then, integrating over the line and transforming 
the integrand into a function of e as before yield 

6q=2 E, - dx dA 7Jrt2 - e - k s l c o s  8 cos 2ede ( ~ 1 8 )  
R 

The exchange factor for perpendicular surfaces is 

h(s)=- - e - k * / c o s  8 cos2 e de (B19) n- =.r s3 

which is similar to h(s) for parallel surfaces in 
equation (B15). The integral is again the function 
F,(ks) described in equation (B16). 

1 



APPENDIX C 
COMPUTATION OF GAS-ZONE EXCHANGE INTEGRALS 

Consider the problem of computing the radia- 
tion transfer froni one of the gas zones to an 
infinitesimal volunie located a t  the center of one 
of the other zones. This situation is illustrated 
in figure 11. The gas zone is infinite in a direc- 
tion perpendicular to the plane of the figure and 
is of rectangular cross section as shown. The 

Cross section ot 
I i . i )  th  z o n e  

\ Cross section o f  

v 
P 

of 
gas to  gas exchange factors from (m,n)th zone t o  dT’ 
a t  the center of (i,j)th zone. 

region of the zone is described by the coordinate 
system u, v, which has its origin a t  the center of 
the zone. The position a t  any point in the zone 
cross section is designated by r (u, v). The posi- 
tion of the infinitesimal volunie in the (i, j)th 
zone is Ri,,. The region enclosing both the zone 
and R ,  consists of a uniformly absorbing medium. 
The (m, n)” zone may be thought of as consisting 
of a bundle of line sources each of infinitesimal 
area du dv. The emissive power distribution in 
the zone is a linear function of u, v given by equa- 
tion (3), and the orientation of the coordinate 

--f 

+ 
+ 

18 

system u, v is such that the positive direction is 
toward Ri,*. The exchange €actor between one 
of the line sources in the zone and the point 
R ,  is given by 

--f 

4 -+ 

+ +  + + 
f(s); s = [ ~ ( u ,  ~)-Ri,jl 

Since the form of f ( s )  is such that the volume 
integral over the gas zone reduces to a surface 
integral over the zone cross section, the radiation 
from the entire zone, which is absorbed by d V  a t  
Ri,* is given by 

--f 

--f 

-+ + 
6p=k dVJJ~T~(u,v)f[r(u,v)-R~,~]du dv (Cl) 

Substitution of equation (3) for T4(u, v) yields 

8 

where UT;,, is the emissive power a t  the center 
of the cross section of the (m, n) th zone and T,,,, ,, 
Tm,n,l are the temperatures a t  the center of 
the cross section of the zones adjacent to the 
(m, n) th zone in the axial and transverse directions, 
respectively, toward d V  a t  R. As a result of the 
previous substitutions, the emissive powers do not 
enter the integrations, and the remaining integrals 
are only dependent on the position of R relative to 
the (m, n)th zone. The integrations are per- 
formed numerically over the zone - U/2 5 u s  U/2 
and - VI2 <vi VI2 by dividing the zone into a 
partition of small rectangles and summing the 
integrands over this partition. It is convenient to 

V 

--f 

+ 
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present the final results in the following manner. 
I Define 

sSuj(:)du dv 
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Again Em, and Gm, are functions only of the zone 
size and the position of R relative to the zone. 
With these definitions, the heat absorbed a t  dV 
from emission due to the (m, n)th zone is 

4 

Equation (C5) is then used to evaluate the ex- 
change integrals, which appear in equation ( 2 ) ,  
in terms of the gas-zone-center emissive powers 
UT:,,. 



APPENDIX D 
RADIATION TO POINT FROM DISTANT SOURCES IN HOMOGENEOUS MEDIUM 

Consider sketch (e). Radiation is absorbed a t  
point P from the surrounding medium, which is 

Integration with respect to w gives the radiation 
absorbed a t  P because of emission from the thin 
shell a t  radius r: 

homogeneous in both absorptivity and emissive 
power. Consider the point P to be a t  the center 
of an infinite sphere, and let d V  represent an 
infinitesimal volume located a t  P. The radiation 
emitted from an infinitesimal volume r7 d w  d r  
located a t  Q on a thin shell of thickness dr at  
radius r from P is 

4kE,r2 dw dr 

where d w  is an infinitesimal of solid angle. The 
radiation absorbed a t  P because of emission a t  
Q is then 

e 
47n-2 

6qQ-lp=4kE,r2 dw dr - k dV (D1) 

Then the absorption a t  P due to all radiation 
emitted in the medium a t  a radius from P of 
r 2 a is given by 

e-kr  dr=4kE, dVe-’” (D4) 

The radiation emitted from d V  at  point P is 
4kEg dV. Then the ratio of the amount received 
from all sources a t  dist.ances farther than a from 
P to that  emitted a t  P is simply 

Thus, the sum of all sources more than seven 
mean free paths (ka>7) of radiation away from 
P contributes less than 0.001 of the radiation 
emitted a t  P and, thus, may be neglected. This 
conclusion is strictly true only for a medium of 
homogeneous emissive power; however, it is also 
valid for nonhomogeneous emissive power distri- 
butions if the emissive power at points seven or 
more mean free paths away is of the same order 
of magnitude as that a t  P. 

t 

4 

20 



APPENDlX E 
SOLUTION OF EQUATION (2) FOR ZONE-CENTER TEMPERATURES T,. ,, 

c 1 . 1  . . .  c 1 . 1 .  . . .  CI. 100 

cP, 1 . . .  ~ 2 . 1 .  . . .  ~ k ,  100 

CIOO, 1 . . .  c100. I . . .  c100.100 

Equation (2) is the heat-balance equation on 
an infinitesimal volume a t  the center of the 
(i,j)tb zone. I n  order to solve for Tmen1 equation 
( 2 )  must be solved simultaneously for all 100 
zones (i=1,10; j=1,10).  Equation (2) is linear 
in T4 except for the terms in T that arise from the 
derivative terms for conduction or flow. Gen- 
erally, each equation in the system will have terms 
in i t  for all 100 unknowns Tm,n. Define the co- 
efficients for T:,, in the (i, j)th equation to be 
Ckvz ,  where the subscripts k and 1 are defined as: 

k=IO(j-I)+i (El) 

Z=lO(?L-  1 )  + m  (E2 ) 

Tt.1 

. Th.n 

TI ,  10 

0 .  . .  0 dk,,+,0 0 .  . .  0 

0 . . .  0 dlOO,,, ~ 1 0 0 , 1 0 0  

Define the coefficients of these T terms in the 
(i,j)th equation to be d ,  The subscript for the 
coefficient d ,  of T , ,  in the (i, j)th equation is k ,  k ,  
for T,,,,, is k ,  k f l ,  and for is k ,  k&lO. 
Thus, the only nonzero coefficients of T in the (i, j )  th 

equation are d ,  E ,  d ,  &I, and d ,  k+lo; d ,  is defined 
to be identically zero for all other subscript 
combinations. Thus, for the (i, ,j)th zone, equation 
(2) has the following form: 

. 

The R, are the nonzero right sides due to the 
presence of t,he known values of the boundary 
surface tcniperatures in equation (2). Thus, all 
100 heat-halance equations of t.he form of equation 
(2) may be written in matrix form as follows: 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
O1 

pl,l (Il,* 0 . .  . o  (I,.,, 0 . .  

l o . .  . . . . . . . . . . . . . . . . . . . . . .  . o  dlO0,,, 

Since the terms in T 4  in equation (E4a) are pre- 
dominant over those in T, it is convenient to 
solve equation (E4a) in terms of T4 rather than 
for T directly. Let E=uT4 and T=(E/u)’l4. 
Since equation (E4a) is usually nonlinear, it must 
be solved by iterative methods. A method well 
suited to this problem is the Newton-Raphson 
method described in reference 6. A brief descrip- 
tion follows. Each row of equation (E4a) may be 
considered a scalar function of the vector E, 
where E=(T:l . . .  T$,n . . .  T&,IO) and f ( E )  
is given by the following relation : 

+ 
-3 -3 

= O  (E4a) 

Thus, (E4a) may be written in shorthand form as 

p6 =o)  

21 
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-3 

A trial value of E is substituted into equation 
(E4a). Since this trial value is probably not the 
correct solution, the right sides of equation (E4a) 
will be nonzero. Define this set of nonzero resid- 

uals as the vector P. 
The Newton-Raphson method makes possible 

the calculation of a correction vector AE to be 
added to the trial value E,, where j is the trial 
number. With this correction vector, the next 
trial value E,+1, can be obtained, which will be 

-+ 

+ 

+ 

--f 

+ 
tinues until the residual vector P, becomes arbi- 
trarily small, which indicates that the last trial 
value of E is approximately the exact solution. 

--f 

The correction vector k is derived by solving 
the following system of equations: 

4 
Of1 . AE=-Pi 

closer to the solution than the last trial vector 
E,. This new trial value is substituted into 

P,+l, is computed. This iterative process con- 

* 
VflOO . AE= - p 1 0 0  

3 + 

equation (E4a), and the new residual vector, where Ofk is the gradient of f k  which in matrix 
--f 

form in t,erms of the actual function is 

c 1 . z  . . . .  

C k . 2  . . . .  

CIOO. 2 . . * 

c 1 . 1 0 0  

ck, 100 

ClOO. loo  

d l , 2  O . . . O  d l , l l  0 . . . . . . . . . . . . . . . . . . . . . . . . . . .  
I .  

I :  
. . . . .  0 

o . . . o  

d 1 0 0 , 1 0 0  

P l O O  
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Equation (E5) is linear in the correction vector 

*Or AI3 by using standard 

The term arising from the nonlinearity in 

conduction and flow terms of equation ( 2 ) .  If 
care is taken to choose the first trial value El 
to be reasonably close to the correct solution, the 

Although equation (E5) was solved in terms of 

+ - 4 

and may be 
I matrix methods for large 'Ystems Of linear equa- 

equation (E4a) stands out clearly as the second 
term on the right and is due to the presence of the 

method just discussed converges very rapidly. 

E, the results are quickly transformed into terms 
of T since T,. ,,= (E,, n / g ) 1 / 4 .  

tions. 

L 
I 

1 

I 
I 
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